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A TALK ABOUT FREEDOM

A free Hamiltonian with non-trivial statistics can have a crystaline ground state
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FREE ANYONS: BOUNDARY CONDITIONS

H =
N

∑
a=1

( p2a2 +
ω2 r2a
2 )

with a twist

Ψ(…, xi ,…, x j ,… ) = eiθΨ(…, x j ,…, xi ,… )

in the following θ = π/k.

• for k = 1, eiθ = –1: spinless fermions

• for k → ∞, eiθ = 1: free bosons

The harmonic potential is particularly nice because of the state/operator

correspondence.

Any confining potential would do.





FREE ANYONS: GAUGE CONNECTION
A singular gauge transformation changes the BC (now periodic)

ΨA(t, za) = exp[ ik ∑
a<b

(za – zb)]ΨB(t, za)

The kinetic term becomes

p2a
2

→ (pa + aa)2
2

∆
× a =

2π

k
n(x)

We trade the BC for a magnetic flux tube attached to each particle∮
particle

a ∙ d` =
2π

k

The anyon statistics is written as an Aharonov–Bohm phase. (I still need to tell

you the coincident-point BC).



(FAKE) FIELD THEORY: CHERN-SIMONS

Rewrite in Langrangian formalism (but it’s stillQM in a trench coat)

L = iΦ*DtΦ –
1

2
|DiΦ|2 – ω

2 r2

2
|Φ|2 – π

k
|Φ|4 + k

4π
εμνρAμ ∂νAρ

• The quartic term implements the coincident-point BC (more on that later).

• The CS term is needed so that the EOM for A0 implements the Gauss law:

B =
2π

k
|Φ|2 |Φ(x)|2 = n(x)

No external field (just the harmonic trap).



STRUCTURE OF THE GROUND STATE

The structure of the ground state as a function of k is known to be complicated

because states keep crossing.5740 BRIEF REPORTS 46
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three anyons. It suggests the existence of a generic rais-
ing operator A with the properties that [H, A ]=2A and
[A,J]=0. Indeed, it is possible to construct such an
operator for an arbitrary number of anyons. Its proper-
ties will be discussed in a future publication.
A comprehensive understanding of the four-particle

system can be achieved on the basis of semiclassical argu-
ments. For that, it is convenient to use Jacobi*s relative
coordinates, since the issue of symmetrization or an-
tisymmetrization becomes irrelevant. Specifically,

7 1—(r, +r2 —2r3),
6
1p= (rI+r2+r3 —3r4) .
2

(16)

4

3

0
0 1 1

2

FIG. 1. The energy spectrum of four anyons interacting via
harmonic forces, vs the statistical Aux 6. The harmonic fre-
quency is 1.

E„(8)+2k, k=0, 1,2, . . . . (13)

To understand this we note that for given total angular
momentum j the single-particle angular momenta have
the same parity, so that

(14)

As a result, the reduced Hamiltonian

a —a
H, =Ho —48 g

+k +I
(15)

has the same spectrum as (2). Since Ho is a harmonic-
oscillator Hamiltonian, the eigenfunctions therefore fac-
torize in a "center-of-mass" part 4~ (x, +x2+x3 ) and an
"internal" part, and the "tower" of states can be under-
stood as the "center of mass" excitations of an "internal"
state. This proof is valid only for the case of four anyons.
However, this property of the spectrum is also found for

posite sign (j, =—2 is pushed down while j,=+2 is
pushed up). This fact persists for all energies. The slopes
ofE„(8)at 8=1 are either zero or occur in pairs with op-
posite signs, a fact that is easily checked in perturbation
theory.
We observe that for each eigenvalue E„(8)there exists

a tower of eigenvalues, all with the same angular momen-
tum, given by

In the limit where p &)g)&p we obtain three decoupled
harmonic oscillator (p, q, p) with relative statistical fluxes
(+58,8,0), respectively. Semiclassical arguments show
that the spectrum consists of linear states with slopes +6
and +4. Similarly, in the limit p»p)&g, the system
decouples to three (p, p, rl ) oscillators with relative statist-
ical fluxes (+38,0, +38), respectively. The resulting spec-
trum consists of linear states with slopes 0 and +6. Fi-
nally, in the limit g»p&)p, the system decouples to
three (g,p, p) oscillators with relative statistical fluxes
(+8,+38,0), respectively. The resulting spectrum con-
sists of linear states with slopes +2 and +4. Similar argu-
ments apply to the three-anyon spectrum. '

Both from the three- and four-anyon spectra we find
that the energies are a monotonic function of the statisti-
cal flux 6I. This condition, together with the constraint
that the mechanical angular momentum changes by 6 go-
ing from 0=0 to 8=1, are sufficient to reconstruct the
spectral flow based on semiclassical arguments. We con-
jecture that this feature extends to larger anyon systems,
allowing for a qualitative description of anyon spectra for
any finite number of anyons in a harmonic well, con-
sistent with the semiclassical limit.
In Fig. 1 we observe many level crossings, mainly be-

tween states of di6'erent angular momentum. The
remaining ones are between states of the same angular
momentum but with one of the states having a linear 0
dependence. Both types of crossings are true crossings.
At higher energies (E = 12) a crossing between states with
a nonlinear 0 dependence and the same angular momen-
tum occurs. According to our numerical results, this
crossing is of the Landau-Zener type, providing further
evidence that the many-anyon system is nonintegrable.
Finally, we note the occurrence of closed-shell anyon

states, e.g., 3,6,10,. . . , at the fermion point when a har-
monic well is used. In this case, the ground state is
unique with zero mechanical angular momentum (j, =0),
and is connected to a boson state of higher energy. Un-
der the assumption of a monotonic 8 dependence, we
conclude that the energy always increases as a function of
0 starting from the ground state of a fermion closed-shell
state. In other words, around the fermion point the sta-
tistical three-body forces are repulsive for anyon

Exact spectrum for 4 anyons in a harmonic potential

[Sporre, Verbaarschot, Zahed]

The number of crossings grows with the number of particles.



WHAT DOES THE GROUND STATE LOOK LIKE

• Near the fermion point (for k = 1 + ε) it’s an unconvential superfluid. There

are no Cooper pairs. Fermions have a small magnetic flux attached. No

Fermi surface, but a Hall response that cancels the statistical Chern–Simons

term. The remaining Maxwell mode describes a superfluid [late 80’s].

• Recently [Du, Mehta, Son] showed that there are roton modes. Instability?

• Near the bosonic point, mean-field analysis has shown the presence of

vortices [Correggi, Duboscq, Lundholm, Rougerie].

What is the physics of the ground state along the line k : 1→ ∞?



TODAY'S TALK: QUESTIONS...

Ground state

Level crossing

What are the fixed points?



TODAY'S TALK: QUESTIONS...

Ground state

• Can the statistics alone crystallize a gas?

• Is the vortex lattice superfluid?

Level crossing

What are the fixed points?
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TODAY'S TALK: QUESTIONS...

Ground state

Level crossing

• What is the fine structure of the ground state when we vary k?

What are the fixed points?



TODAY'S TALK: QUESTIONS...

Ground state

Level crossing

What are the fixed points?



TODAY'S TALK: QUESTIONS...

Ground state

Level crossing

What are the fixed points?

• I used a precise value of the |Φ|4 coupling (repulsive). Are there others?



TODAY'S TALK: ...AND ANSWERS

Ground state

Level crossing

What are the fixed points?



TODAY'S TALK: ...AND ANSWERS

Ground state

• The ground state is a triangular vortex lattice ordinary solid

Level crossing

What are the fixed points?
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TODAY'S TALK: ...AND ANSWERS

Ground state

Level crossing

• The rotor modes form an Anderson tower and we get O(N2) crossings

What are the fixed points?
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TODAY'S TALK: ...AND ANSWERS

Ground state

Level crossing

What are the fixed points?

• An exact repulsive-interaction fixed point

• The attractive-interaction point requires more structure: hints of a

fixed-point web (higher-order boundary conditions)



THE VORTEX CRYSTAL



LARGE CHARGE DOUBLE SCALING

S = ∫dt d2x[iΦ*DtΦ –
1

2
|DiΦ|2 – ω

2 r2

2
|Φ|2 – π

k
|Φ|4 + k

4π
εμνρAμ ∂νAρ]

with the normalization

∫d2x |Φ|2 = N

RedefineΦ(t, x) =
√
k
√
ρ(t, x)e–iχ(t,x) and take the double scaling limit

N→ ∞, k → ∞,
N

k
= λ fixed

The interaction per particle is small, but the collective statistical flux is finite.





THE DOUBLE-SCALED ACTION

N→ ∞, k → ∞,
N

k
= λ fixed

The action becomes

S = k∫dt d2x[ρ(χ̇ – A0) – 1

4π
εi jAi Ȧ j +

A0
2π

B –
(
∆
ρ)2

8ρ
–
ρ

2
(
∆
χ – A)2 – πρ2 – ω

2 r2

2
ρ]

with the normalization

∫d2xρ = λ

New semiclassical description ħ =
1

k
controls the quantum fluctuations.

Not the usual weak coupling for fixed λ.



A CONSTRAINED HAMILTONIAN
We have reduced our problem to an optimization

H

k
= ∫d2x[(

∆
ρ)2

8ρ
+
ρ

2
(
∆
χ – A)2 + πρ2 + r2

2
ρ]

with

∆
× A = 2πρ ∫d2xρ = λ

• (
∆
ρ)2/8ρ is the “quantum pressure” (very much leading order in our limit)

• ρ(
∆
χ – A)2/2 is the gauge-invariant kinetic energy

• πρ2 is the contact interaction

• r2ρ/2 is the harmonic trap



THE VORTICES START APPEARING
To minimize the kinetic energy we would like to have

v =
∆
χ – A = 0

Since
∆
× A = 2πρ, there is no smooth χ that would give v = 0.

The situation changes if we put vortices; then:∮
∆
χ ∙ d` = 2πw ⇒

∮
∂Σ
v ∙ d` = 2π (Nv – NΣk )

so we expect a screening for

Nv ~
N

k

as long as vortices are not too expensive.



THE VORTEX-FREE (CHIRAL) SOLUTION
Without vortices, solve the Gauss constraint in Coulomb gauge to get the

Taubes equation

∆2 log(ρ) = 4πρ – 4

Qualitatively:

• at small λ it’s a Gaussian droplet (similar to the free boson)

ρ(r) ~ λ

π
e–r

2

• at large λ is flat with an edge layer

ρ(r) ~ 1

π
Θ(

√
λ – r)



THE VORTEX-FREE (CHIRAL) SOLUTION

It reproduces an exact quantum state (the repulsive version of the famous

Jackiw-Pi solution)

Ψ ~ e–1/2∑i |zi |
2

∏
i<j

(zi – z j)1/k

It cannot be a ground state for large λ: the energy is

E(λ)
k

=
λ2

2
+ λ

and from general principles at large λ in a harmonic potential we must have

E(λ) ~ λ3/2 .



ONE VORTEX
What does a vortex look like?

χ = `φ, ρ = q(r)2 , Aφ =
Q(r)
r

whereQ(r) is the charge enclosed in a radius r

Q(r) = 2π∫
r

0

s ds ρ(s)

and the energy becomes

E`
k
= 2π∫

r

0

r dr [12 (dqdr )2 + q2(` – Q)2

2r2
+ πq4 +

r2q2

2 ]
where we see the competition ` – Q(r).
We minimize this object numerically and find that at λ̄ ~ 2.96, E0(λ̄) = E1(λ̄).
One vortex has appeared.



AND THEN MANY MORE

What then, higher `? Multiple-wound vortices are unstable and split.

From here on one proceeds numerically
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Centered unit vortex
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Split multivortex

(d) λ = 37

Triangular vortex crys-
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DYNAMICAL BULK SCREENING
For larger and larger λ, the statistical magnetic field is screened

1

0

1
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Each vortex contains exactly k anyons.

Going around a vortex, the overall phase vanishes.



TRIANGULAR LATTICE

a₂

a₁

ρ̄ =
1

Acell
∫
cell

d2xρ

For perfect screening there are k anyons per cell. The inte-

gral over the cell is 2π, and using B/(2π) = ρ = n/k

2π = ∫
cell

d2x B = 2πρ̄Acell ⇒ Acell =
k

n
Schrödinger invariance (d = 2, z = 2) fixes the equation of state

E
k
= be ρ̄

2

and this number can be computed numerically:

b2 =
1

Acell ρ̄
2
min
cell ∫cell d

2x[(
∆
ρ)2

8ρ
+
ρv2

2
+ πρ2] = 7.233…



THE THOMAS-FERMI PROFILE
With the harmonic trap, ρ̄ is not constant, but we assume slowly-varying (LDA).

E

k
= ∫d2x[be ρ̄2 + ω2 r22 ρ̄] , ∫ d2x ρ̄ = λ

standard Thomas-Fermi profile with the renormalized coefficient

ρ̄(r) = 1

be (√2beλ

π
–
ω2 r2

2 )Θ((8beλπ )1/4 – ωr)
and the energy is

E

ω
=
2k

3

√
2be
π

λ3/2 ~ 1.43
N3/2
√
k

The N3/2 is again from conformal invariance.



ENERGY COMPARISON
At k = 1 + ε define 1/k̃ = 1 – 1/k. The superfluid has energy

Ehom =
2ω

√
3

3

√
1 +

{k̃}(1 – {k̃})
k̃2

N3/2

{k̃} is the fractional part.

Compare with our

Ecrystal ~ 1.43
N3/2
√
k

We find that

Ehom = Ecrystal at k = kc between 2 and 3



A CONVENTIONAL SOLID
We don’t have vortices superimposed to a superfluid.

The single anyons can move (microscopic), but there is no gapless collective

mode (macroscopic).

Call u(t, x) the displacement field of the lattice.

Complete screening now locks also the fluctuations of the matter density.

δρ̄ = δρv = –ρ̄
∆
∙ u

so there is no independent matter fluctuation.

(The argument that χ→ χ + λ can be reabsorbed by the gauge field is not

sufficient: it would also apply to k = 1 + ε, where we know that there is an

unconventional superfluid).



A CONVENTIONAL SOLID

The phonons are standard

ui j =
1

2 (∂iu j + ∂ jui) uTi j = ui j –
1

2
δi jukk

and the action depends on two parameters K and G

L =
kρ̄

2 ∫d2x (u̇2 – ρ̄ (K(
∆
∙ u)2 + 2GuTi juTi j))

which fix the small-q dispersions

ωL(q) =
√
ρ̄(K + G)q, ωT(q) =

√
ρ̄Gq

(we are in the LDA) Numerically K = 14.446(8) and G = 1.354(4).



MELTING
Lindemann criterion. The crystal melts if quantum fluctuations are of the order

of the distance between the vortices

γ2L =
〈u2〉
a2v

~ 0.25

With the two phonons

γ2L =

√
3

2ρ̄
∑

s=L,T
∫
BZ

d2x

(2π)2
1

2kρ̄ωs(q)
=

√
3

4
√
πk ( 1

√
K + G

+
1

√
G)

and we get melting at

k = kc between 3 and 5



ZERO-TEMPERATURE PHASE DIAGRAM

Forget for a moment that we are in the double-scaling limit.

k = 1 kc ~ 2–5 k = ∞
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Vortex crystal

Preliminary Monte Carlo evidence



CROSSINGS



STRUCTURE OF THE GROUND STATE

The structure of the ground state as a function of k is known to be complicated

because states keep crossing.5740 BRIEF REPORTS 46
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three anyons. It suggests the existence of a generic rais-
ing operator A with the properties that [H, A ]=2A and
[A,J]=0. Indeed, it is possible to construct such an
operator for an arbitrary number of anyons. Its proper-
ties will be discussed in a future publication.
A comprehensive understanding of the four-particle

system can be achieved on the basis of semiclassical argu-
ments. For that, it is convenient to use Jacobi*s relative
coordinates, since the issue of symmetrization or an-
tisymmetrization becomes irrelevant. Specifically,

7 1—(r, +r2 —2r3),
6
1p= (rI+r2+r3 —3r4) .
2

(16)

4

3

0
0 1 1

2

FIG. 1. The energy spectrum of four anyons interacting via
harmonic forces, vs the statistical Aux 6. The harmonic fre-
quency is 1.

E„(8)+2k, k=0, 1,2, . . . . (13)

To understand this we note that for given total angular
momentum j the single-particle angular momenta have
the same parity, so that

(14)

As a result, the reduced Hamiltonian

a —a
H, =Ho —48 g

+k +I
(15)

has the same spectrum as (2). Since Ho is a harmonic-
oscillator Hamiltonian, the eigenfunctions therefore fac-
torize in a "center-of-mass" part 4~ (x, +x2+x3 ) and an
"internal" part, and the "tower" of states can be under-
stood as the "center of mass" excitations of an "internal"
state. This proof is valid only for the case of four anyons.
However, this property of the spectrum is also found for

posite sign (j, =—2 is pushed down while j,=+2 is
pushed up). This fact persists for all energies. The slopes
ofE„(8)at 8=1 are either zero or occur in pairs with op-
posite signs, a fact that is easily checked in perturbation
theory.
We observe that for each eigenvalue E„(8)there exists

a tower of eigenvalues, all with the same angular momen-
tum, given by

In the limit where p &)g)&p we obtain three decoupled
harmonic oscillator (p, q, p) with relative statistical fluxes
(+58,8,0), respectively. Semiclassical arguments show
that the spectrum consists of linear states with slopes +6
and +4. Similarly, in the limit p»p)&g, the system
decouples to three (p, p, rl ) oscillators with relative statist-
ical fluxes (+38,0, +38), respectively. The resulting spec-
trum consists of linear states with slopes 0 and +6. Fi-
nally, in the limit g»p&)p, the system decouples to
three (g,p, p) oscillators with relative statistical fluxes
(+8,+38,0), respectively. The resulting spectrum con-
sists of linear states with slopes +2 and +4. Similar argu-
ments apply to the three-anyon spectrum. '

Both from the three- and four-anyon spectra we find
that the energies are a monotonic function of the statisti-
cal flux 6I. This condition, together with the constraint
that the mechanical angular momentum changes by 6 go-
ing from 0=0 to 8=1, are sufficient to reconstruct the
spectral flow based on semiclassical arguments. We con-
jecture that this feature extends to larger anyon systems,
allowing for a qualitative description of anyon spectra for
any finite number of anyons in a harmonic well, con-
sistent with the semiclassical limit.
In Fig. 1 we observe many level crossings, mainly be-

tween states of di6'erent angular momentum. The
remaining ones are between states of the same angular
momentum but with one of the states having a linear 0
dependence. Both types of crossings are true crossings.
At higher energies (E = 12) a crossing between states with
a nonlinear 0 dependence and the same angular momen-
tum occurs. According to our numerical results, this
crossing is of the Landau-Zener type, providing further
evidence that the many-anyon system is nonintegrable.
Finally, we note the occurrence of closed-shell anyon

states, e.g., 3,6,10,. . . , at the fermion point when a har-
monic well is used. In this case, the ground state is
unique with zero mechanical angular momentum (j, =0),
and is connected to a boson state of higher energy. Un-
der the assumption of a monotonic 8 dependence, we
conclude that the energy always increases as a function of
0 starting from the ground state of a fermion closed-shell
state. In other words, around the fermion point the sta-
tistical three-body forces are repulsive for anyon

Exact spectrum for 4 anyons in a harmonic potential

[Sporre, Verbaarschot, Zahed]

The number of crossings grows with the number of particles.

Can we describe this phenomenon in our semiclassical story?



QUANTIZATION OF THE ZERO MODES

Remember

ΨA = exp[ ik ∑
a<b

(za – zb)]ΨB

There are two contributions to J: an integer j fromΨB and the statistical piece:

J = j +
Nλ

2

The idea is that changing λ changes the value of j at the energy minimum.



SEMICLASSICAL PICTURE
The saddle breaks rotational invariance. At finite N there is an Anderson tower

of rotor modes with angular momentum j.

In the semiclassical story, the saddle has angular momentum

Jcl = N(–1λ ∫d2xρ ∂φχ + λ

2) = N (W(λ) + λ

2)
W(λ) is the average phase winding.

Jcl is not an integer (eigenstate of angular momentum): rotor states.

Slow rotation Ω of the saddle, J = Jcl + IΩ, and E = Ecl + IΩ
2/2, where I = O(N).

E j(λ) = Ecl(λ) + ( j – NW(λ))2

2I



THE CROSSINGS

E j(λ) = Ecl(λ) + ( j – NW(λ))2

2I

Varying λmoves the center of the rotor tower.

Two sectors cross when

NW(λn) = n + 1
2
, n ∈ Z

The crossing density is

dncross
dλ

= N

∣∣∣∣dWdλ
∣∣∣∣ = N

2

That there are O(N) crossings at fixed λ.
The changes of ground states are subdominant O(N0)



THE CROSSINGS
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γ

g6

0
γ– = –

π

k
IR unstable

γ+ = +
π

k
IR stable ;

FIXED POINTS



HAMILTONIAN AND BC
Take two anyons. The exchange statistics is written for the relative cordinate as

ψ(r,φ + π) = eiπ/kψ(r,φ)

The Hamiltonian is just free, but ψ is multivalued

` = 2n +
1

k

So the radial Hamiltonian for n = 0 still gets a centrifugal term

H = – ∂2r –
1

r
∂r +

1

k2 r2

We need BC at r = 0 (coincidence). Two selfadjoint extensions:

ψ+ ~ r
1/k ψ– ~ r

–1/k



FIXED POINTS FROM THE HAMILTONIAN

Add a point-like interaction V = gδ2(r).
g has an anomalous dimension and its beta function is

βg =
1

2π (g – 2πk ) (g + 2πk )
There are no approximations. This is the exact RG flow.

• The repulsive interaction is RG stable

• The attractive interaction is RG unstable (Feshbach).

In field theory language, this is a quartic coupling ±π/k

L = iΦ*DtΦ –
1

2
|DiΦ|2 – ω

2 r2

2
|Φ|2 ± π

k
|Φ|4 + k

4π
εμνρAμ ∂νAρ



THE ATTRACTIVE-INTERACTION FIXED POINT
The slope of the β function gives the dimension of the quartic operator

Δ[|Φ|4] = 4 ± 2
k

repulsive/attractive

For N particles one gets

Δ[|Φ|2N] = N ± 2
k
N(N – 1)

in the attractive case (–), at some point the operator becomes relevant and

violates the unitarity bound Δ > d/2 = 1 (here: N < 2k).

• In Hamiltonian language, the BC for two coinciding particle is not enough

to uniquely describe the interaction for three. More BC are needed.

• In Lagrangian language, we need to add |Φ|6 , that will have its fixed point.

And then possibly |Φ|8 and so on.
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• The rotor modes form an Anderson tower and we get O(N2) crossings
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TODAY'S TALK: CONCLUSIONS

Ground state

Level crossing

What are the fixed points?

• An exact repulsive-interaction fixed point

• The attractive-interaction point requires more structure: hints of a

fixed-point web (higher-order boundary conditions)



THE MESSAGE

A free Hamiltonian with non-trivial statistics can have a crystaline ground state
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Chiral droplet

(b) λ = 4.5

Centered unit vortex

(c) λ = 8

Split multivortex

(d) λ = 37

Triangular

vortex crystal
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