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Why are we here? Conformal field theories

extrema of the RG flow critical phenomena
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quantum gravity




But conformal field theories are hard

Most conformal field theories (CFTs) lack nice limits

where they become simple and solvable.
O
2N

No parameter of the theory can be
dialed to a simplifying limit.
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Why are we here? Conformal field theories are hard

In presence of a symmetry there can be sectors of the
theory where anomalous dimension and OPE
coefficients simplify.
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The idea

/ ( v

Study subsectors of the theory with fixed quantum number Q.

OOT

In each sector, a large Qis the controlling parameter
in a perturbative expansion.
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no bootstrap here!

This approach is orthogonal to
bootstrap.

We will use an effective action.
We will access sectors that are
difficult to reach with bootstrap.
(However, arXiv:1710.11161).



https://arxiv.org/abs/1710.11161

Concrete results

We consider the O(N) vector model in three dimensions. In the IR it
flows to a conformal fixed point Wilson & Fisher.

We find an explicit formula for the dimension of the lowest primary
at fixed charge:

_ C3/2 ~3/2 1/2 —1/2
Ba= 5220 + 2/ 2Q 0.094+0(Q )
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Summary of the results: O(2)
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Scales

We want to write a Wilsonian effective action.
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Scales

* We look at a finite box of typical length R
® The U(1) charge Q fixes a second scale 0'/? ~ Q'/?/R

Q172
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For A < p'/2 the effective action is weakly coupled and under

perturbative control in powers of o ~'.
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The Wilsonian action is fundamentally useless because it contains
infinite terms.
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Wilsonian action

The Wilsonian action is fundamentally useless because it contains
infinite terms.

At best:
® a cute qualitative picture;
® might allow you to get the anomalies right;

® something that helps you organize perturbative calculations, if
your system is already weakly-coupled for some reason;

® maybe a convergent expansion in derivatives.



Wilsonian action

The Wilsonian action is fundamentally uselesst5ecause i\ contains

infinite terms.

At best:

ations, if

® maybe a tonvergent expansion in derivatives
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Too good to be true?
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Too good to be true?

Think of Regge trajectories.
The prediction of the theory is

m? o J(14+0(s7))

M?, GeV?

but experimentally everything
works so well at small J that
String Theory was invented.




Introduction

The unreasonable effectiveness
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Today'’s talk

The effective field theory (EFT) for the O(2) model in d = 3

® An EFT for a CFT.
® The physics at the saddle.
¢ State/operator correspondence for anomalous dimensions.

An asymptotically safe theory at large charge

* A QCD-like theory
® Conformal dimensions
¢ Decoupling

A nearly critical theory at large charge






_ AnEFTforaCftr
An EFT for a CFT




The O(2) model

The simplest example is the Wilson-Fisher (WF) point of the O(2)
model in three dimensions.

* Non-trivial fixed point of the ¢* action

LUV:au d)*aud) - U(¢’*¢)2

Strongly coupled
® In nature: *He.

Simplest example of spontaneous symmetry breaking.

Not accessible in perturbation theory. Not accessible in 4 — ¢.
Not accessible in large N.

Lattice. Bootstrap.



Charge fixing

We assume that the O(2) symmetry is not accidental.

We consider a subsector of fixed charge Q.
Generically, fixing the charge breaks it.
It will look like a spontaneous breaking U(1) — @.

We have one Goldstone boson .
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An action for x

Start with two derivatives:

s
Lx] = T 0uxdux = C

(x is a Goldstone so it is dimensionless.)



_ AnEFTforaCFT
An action for x

Start with two derivatives:

s
Lx] = T 0uxdux = C

(x is a Goldstone so it is dimensionless.)

We want to describe a CFT: we can dress with a dilaton

fﬂ e—2fo e—2fc

R
Lo, x] = 5 auxaux—e_6f°C3+T<8uoauo—%)

The fluctuations of x give the Goldstone for the broken U(1), the
fluctuations of o give the (massive) Goldstone for the broken
conformal invariance.



S LREARETEERI e
Linear sigma model

We can put together the two fields as
S=0+ifrx

and rewrite the action in terms of a complex scalar

We get
o] =0,0*0“0 — ERo* 0 — u(0*0)?

Only depends on dimensionless quantities b = f2f, and u = 3(Cf?)3.
Scale invariance is manifest.
The field ¢ is some complicated function of the original ¢.



Centrifugal barrier

&

The O(2) symmetry acts as a shifton x.

Fixing the charge is the same as adding a centrifugal term o« — " |
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centrifugal
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~ AnEFTforaCFT
Ground state

We can find a fixed-charge solution of the type

1
x(t,x) = ut o(tx) = ?log(v) = const.,
where
1
MO<O1/2+... V(XW

The classical energy is

E= C3/2VO3/2 + C1/2RVQ1/2 + 0(071/2)



_ AnEFTforaCFT
Fluctuations

The fluctuations over this ground state are described by two modes.

® A universal “conformal Goldstone”. It comes from the breaking
of the U(1).

w=——=p

® The massive dilaton. It controls the magnitude of the quantum
fluctuations. All quantum effects are controled by 1/Q.

2
_ 2
w—2u+2u

(This is a heavy fluctuation around the semiclassical state. It has
nothing to do with a light dilaton in the full theory)



S LREARETEERI e
Non-linear sigma model

Since o is heavy we can integrate it out and write a non-linear sigma
model (NLSM) for x alone.

L{x] = ks2(Bu x 9 )2 + k1 /2R@u x 94 2)"? + ...

These are the leading terms in the expansion around the classical
solution x = ut. All other terms are suppressed by powers of 1/Q.



e
State-operator correspondence

The anomalous dimension on IR% is the energy in the cylinder frame.

R R x S

H N
N

Sd—1

Protected by conformal invariance: a well-defined quantity.



Conformal dimensions

We know the energy of the ground state.
The leading quantum effect is the Casimir energy of the conformal
Goldstone.

Ec = Z(—%|S?) = —0.0937...

1
2v2
This is the unique contribution of order QU.

Final result: the conformal dimension of the lowest operator of
charge Q in the O(2) model has the form

_ C3/2 ~3/2 /2 _ =172
Ba=5220Q + 2y ,2Q 0.094+(9(o )



L e
The O(2N) model

Next step: O(2N).
N charges can be fixed.

Again, homogeneous ground state.
The ground-state energy only depends on the sum of the charges

Q = Q1 —|— 60 o _|_ QN
and takes the same form

c3/2(N -
E= 32/\2/(_)03/2+2\/—c1/2( NQ'2+0(Q7'7?)

The coefficients depend on N and cannot be computed in the EFT
(but e.g. in large-N).



_ AnEFTforaCFT
Fluctuations

The symmetry breaking pattern is
O(2N) =% U(N) P28 u(N - 1)

and there are dim(U(N)/U(N — 1)) = 2N — 1 degrees of
freedom (DOF).

® One singlet, the universal conformal Goldstone w = \L@p

® One vector of U(N — 1), with quadratic dispersion w = %
Each type-Il Goldstone counts for two DOF:
1+2x (N—=1)=2N-1.

Only the type-I has a Q0 contribution: it is universal.



S LREARETEERI e
O(4) on the lattice
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e
What happened?

We started from a CFT.
There is no mass gap, there are no particles, there is no Lagrangian.

We picked a sector.

In this sector the physics is described by a semiclassical configuration
plus massless fluctuations.

The full theory has no small parameters but we can study this sector
with a simple EFT.

We are in a strongly coupled regime but we can compute physical
observables using perturbation theory.



What happened?

WE
We started from a CFT. pa““
There is no mass g ere areéﬂm[ e Is no Lagrangian)

In t!is sector eﬁg“pn ed by a semiclassical configuration
“J ns.

and T L lies
The full theory has no sm axcers but-we can study this sector
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ESTERSEIEIOEIAr s ——
An asymptotically safe QFT




S LSIEEIERREEE S e
IR vs. UV

We have discussed an infrared (IR) fixed point.

The fixed charge induces a scale Ag = Ol/d

We need a hierarchy for the scale A of the EFT

1
7<</\<</\o<</\uv

The situation improves if we consider a ultraviolet (UV) fixed point.

1
7<< ANy < N <K AN

and we can take the charge as large as we like.



An asymptotically safe theory

L= %Tr(F‘“’ Fuv) +Tr(QIDQ) +yTr(QuHQs + QRH+QL)

-yn@uwawﬂ LJ%H+) —W(TrHTH)? — n@ﬁH)

In the Veneziano limit of Ng — o0, N — oo with the ratio Ng/N¢
fixed, this theory is asymptotically safe.

Perturbatively-controlled UV fixed point

a*—26e a*—4e ajy = 23_18 at=—-013¢
97577 Ty 19Ty ThT g9 T Tv o



GESIEESHEWEIOCIAr e ———————
An asymptotically safe theory

New features from our point of view
® His a matrix. There is a large non-Abelian global symmetry
® there are fermions
e there are gluons
® it's a four-dimensional system
® we have a trustable effective action



__ Asymptotically ssfeQfT
The scalar sector
The SU(NEg) x SU(Ng) symmetry is generated by the currents
Ju=idHH", Jg=—iH"dH,

and we will be looking for solutions of the classical equations of
motion (EOM) at fixed values of the corresponding conserved
charges

QL= /d3XJO, Qg = /d3xJ%.
more precisely

spec(Qy) = {Jt, k5, .. .,J,L\,F}
spec(Qg) = {JF,J5,.. .,Jﬁ,F}.



_LeupieisElyesipea
The scalar sector
Inspired by the O(2) model we use a homogeneous ansatz
HO — eZthB

and the EOM reduce to

R
2 _ .R2 AN
2M? = uB? + vTr(B?) — .
For simplicity
1] 0
Q=-R=Jg1=7]"

where 1 is the Ng/2 x Ng/2 identity matrix.
The ground state is

11 0 10
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S LSIEEIERREEE S e
Ground state energy and fluctuations

The ground state has energy

3 N2 27\ /3 R/ V \?3
E=>_ F (2= 4/3 , N[V 2/3
= ( ) g (V) g

+a,\ V
1 (R\?/ V\*? , o
—m<z) (2_712> 70+0(7%")

which is a natural expansion in

ap+ a,

J=2J NF

> 1

We have again an expansion in powers of the charge.
The leading exponent is 4/3 because we are in four dimensions.



_ Asymptotically safeQFT
Goldstones

The symmetry-breaking pattern is quite involved

exp.

SU(NE) x SU(Ng) x U(1) 25 C(M) x SU(Ng) 225 c(m).

where C(M) = SU(Ng/2) x SU(Ng/2) x U(1)2.
Type-I and type-Il Goldstones.
® One conformal Goldstone w = -, which is a singlet of C(M)

5

* One bifundamental with w = -
® One field in the (Adj, 1) and one in the (1, Adj) with

_ Ap
w = 3ah+2avp

Total count:

142 x (Ng/2)? +2 x (N2/4 —1) = N2 — 1 = dim(SU(Ng))



- Asymptoticallysafe QFT
What happened to the fermions?

We have only looked at the scalar sector.

The fermions have a large mass that comes from two places:
® The kinetic term, since we have effectively a flat connection

* the Yukawa term y Tr(Q,HQg + QgH'Q,) and the vacuum
expectation value (VEV) of H

To be precise:
m? = u? +y2b? o« J2/3

So they decouple from the dynamics.



S LSIEEIERREEE S e
The gluons

Now that the fermions have decoupled, since there is no direct
connection between the gluons and the scalars, also the gluons
decouple.

They will have the usual gap, fixed by the fermion mass

3
Nypm = my exp [_22a ]
g

This will give exponentially small corrections to all the terms in the J
expansion.
In our approximation they can be neglected.



Summing it up

® \We can use the large-charge expansion for asymptotically safe
theories

¢ Being in the UV, the large-charge condition is more natural
® For the QCD-inspired model that we have considered:
® Fermions and gluons decouple.
® 1/J expansion of the anomalous dimensions, starting at JA3

® Rich spectrum of Goldstone modes, with linear and quadratic
dispersions.



Going away from conformality

E = - — e —




A ELEE e e
Going away away from conformality

CFTs are very interesting but very constrained.

There is a lot of interesting physics that happens away from
conformality.
If we don't go “too far” we can still use large charge effectively.

We will find a very distinct signature of new physics associated to a
small dilaton mass in the EFT.



A ELEE e e
Walking dynamics

For example the walking phase when B functions get close to zero
remaining very flat.

B(A)




The EFT

We mimick it adding a small mass for the dilaton.

Consider a system with U(1) global symmetry in four dimensions.

2 —2fo —2fo
L[UIX]:fne auXauX_e_4foC4+e auoauo—E—R
2 2 2
2
“ree (=1 4l 1)

m, is the mass of o (around o = 0) that is due to the underlying
(walking) dynamics.
It measures the breaking of scale invariance
2
e = To g

H f



_ Alightdilaton
What is the dilaton mass?

In the conformal model at fixed charge the fluctuations of the dilaton
around the classical solution are heavy.

Very little to do with mg, which is a measure of how much the full
theory is non-conformal.

In the large charge approach it will appear in the semiclassical
ground state energy.
The semiclassical state resums the quantum effects.



G RUEIRCIEIEN e —
The ground state energy

We just need to solve at fixed values of the charge.

The energy in the cylinder frame has a new, characteristic term

ﬂzm%rg

372

C4/3 4 2
roEcy| = —/Q /3—|—C2/3O /3 L

@n2)173 log(Q) +...

This is the first time that a log(Q) term appears in this game.



o Alightdilaton
The two-point function

Close to the fixed point, we can still use the state-operator
correspondence.

The two-point function on R* for operators of fixed charge is

(0a(0)0_a(x) = #

where A has alog(Q) correction with respect to the dimension at the
fixed point A*

pea(1-— M (Q)
- 24C4/3f2,u4 g

This is a clear signature of a light dilaton in the walking dynamics.



_ Alightdilaton
Fluctuations

We can also study the fluctuations on top of the semiclassical
fixed-charge state.
We find again two modes.

® A massless mode, which is not anymore exactly conformal
1 m?

w=—(1+ —)

\/§< 93P ut )P

® A massive mode which has essentially the same mass as in the
CFT case

2

p
=2 =
w u+2u

This is the mass of the fluctuation of o around the VEV.



o Alightdilaton
Summing it up

® The large-charge approach can be used for walking theories.

® \We predict a precise signature of a light dilaton in the two-point
functions.

® We have shown the mechanism for the simplest theory.

® The construction can be easily generalized to more realistic
situations (around the conformal window).



In conclusion

¢ With the large-charge approach we can study strongly-coupled
systems perturbatively.

® Select a sector and we write a controllable effective theory.

® The strongly-coupled physics is (for the most part) subsumed in a
semiclassical state.

¢ Compute the CFT data.
® Very good agreement with lattice (supersymmetry, large N).
e Works for walking dynamics.

® Precise and testable predictions.
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